There does not exist an infinite chain of log flips in dimension 4.
Introduction
The most important conjectures in the minimal model theory are (1) the existence of flips and log flips, (2) the termination of flips and log flips, and (3) the abundance and log abundance conjectures.
In dimension 3, everything works well. Indeed, for the non-log case, the existence is proved in [11] , the termination in [12] , and the abundance in [4] . For the log case, the existence is proved in [13] , the termination in [5] , and the abundance in [7] (and [10] ). See also [6] and [8] for the survey.
On the other hand, only the termination of flips has been known in dimension 4 ( [6] ). Recently, Shokurov announced a proof of the existence of log flips in dimension 4 ( [14] ). We note that the log case was proved first without the preceding non-log case because the log category behaves better for the inductive treatment on dimension. A more accessible treatment of this result will be published in a book after a workshop at Cambridge University ( [2] ).
The purpose of this paper is to prove the following theorem under the assumption that there exists always a log flip for any small extremal contraction from a 4-dimensional Q-factorial KLT pair. The author believes that this assumption is reasonable: Some partial results towards this theorem has been obtained in [9] and [3] .
We shall review some basic results concerning log flips in §1, and prove the main theorem in §2. The key ingredient is the generalization of the concept of the "difficulty" suitable to our situation (formula (3.2)).
The author would like to thank Florin Ambro for useful discussions concerning [1] .
Preliminaries
We recall some definitions concerning the singularities of pairs.
Definition 2.1. Let X be a normal variety and B an effective R-divisor such that K X + B is an R-Cartier divisor. Let µ : Y → X be a proper birational morphism from a smooth variety with a normal crossing divisor F = j F j , where the F j are irreducible components, such that we can write
The number a j ∈ R is called the discrepancy, while −a j the coefficient. For example, if F j is the strict transform of an irreducible component B i of B, then −a j is nothing but the coefficient of
If v is the discrete valuation of the function field C(X) corresponding to the prime divisor F j , then we denote a(X, B; v) = a j , because it depends only on v but not on the particular birational model Y . The image µ(F j ) is called the center of v on X and denoted by C(X, v). The component
The pair (X, B) is said to be KLT (or log terminal in the terminology of [6] ) if a j > −1 holds for any j. In this case, it follows that a(X, B; v) > −1 holds for any discrete valuation of C(X) which has a center on X. If in addition that a j > 0 hold for those F j which are exceptional, then the pair (X, B) is called terminal.
If (X, B) is KLT, then we can define the number of log crepant divisors, denoted by e(X, B), as the number of discrete valuations v of C(X) which have centers on X such that 0 ≥ a(X, B; v) > −1. We note that this number is finite because the pair is KLT. The pair (X, B) is terminal if and only if e(X, B) = 0.
There is more general class of singularities called DLT, which is equivalent to WKLT by [15] (or weak log terminal in the terminology of [6] ), but we will not use it in this paper.
For a proper birational morphism φ : X → Z, the exceptional locus of φ is defined to be the smallest closed subset E of X such that φ induces an isomorphism X \ E → Z \ φ(E).
A birational map α : X− → Z is said to be proper if there exists a variety Y with proper birational morphisms f :
We consider a diagram of projective birational morphisms between quasi-projective varieties
and an effective R-divisor B − such that (X − , B − ) is KLT and Q-factorial. We denote by E − and E + the exceptional loci of φ − and φ + , respectively. The diagram (2.1) is called a log flip with respect to the pair (X − , B − ) if the following conditions are satisfied:
( 
is a log flip with respect to the pair (X n−1 , B n−1 ) where B n−1 is the strict transform of B.
By combining with the special termination theorem in dimension 4 ( [14] , cf. [2] ), we also obtain the termination of log flips in the more general case where the pair (X, B) is DLT instead of KLT.
According to the log minimal model program, we obtain the following corollary:
Corollary 2.4. Let f : X → S be a projective morphism from a smooth variety to a quasi-projective variety, l i=1 B i a normal crossing divisor, and
together with a birational map
′ which is surjective in codimension 1 and such that f = f ′ • α and B ′ = α * B, and either one of the following hold:
Proof. There exist open immersions X →X and S →S into projective varieties with an extensionf :X →S such thatX is smooth and the closuresB i of the B i constitute a normal crossing divisor. We apply the log minimal model program to the pair (X,B) overS to obtain the result.
We recall some basic known results for later use. 
Since dim X − = 4 in this paper, we have the following possibilities:
We note that they may be reducible and non-equidimensional. 
1). Then an inequality of the discrepancy
holds. Moreover, the strict inequality holds if and only if the center of the valuation v on X − is contained in the exceptional locus E − .
Let H alg k (X) denote the subspace of the homology group H k (X, Q) which is generated by the homology classes of algebraic subvarieties (cf. [6] Theorem 5.1.15).
Lemma 2.7. Let φ : X → Z be a birational morphism between projective varieties which are not necessarily normal, E the exceptional locus, and e an integer.
(
(2) If dim E = e and dim φ(E) < e, then φ * is surjective but not injective.
Assume that X is smooth, Z normal, and e = dim X − 1. Let {E i } 1≤i≤t be the set of all the prime divisors of X such that dim φ(E i ) < e. Then the classes of the E i in H alg 2e (X) are linearly independent. Moreover, the quotient vector space of H alg 2e (X) by the subspace generated by the classes of the E i is an invariant of Z which does not depend on the choice of the resolution φ.
The quotient vector space described in Lemma 2.7 (3) will be denoted byĤ alg 2e (Z). Let F be a prime divisor on Z, and F ′ its strict transform on X. Then the class of F ′ in H alg 2e (X) determines a class inĤ alg 2e (Z) which is independent of the resolution. The latter will be called the class of F in H alg 2e (Z). Proof. (1) By the excision theorem, we have
. Therefore, the kernel of the homomorphism φ * is non-zero.
(3) Assume that there is a non-trivial linear relation
. Let e ′ be the maximum dimension of the images φ(E i ) such that c i = 0. Let H 1 and H 2 be very ample divisors on X and Z, respectively. Noting that e ′ ≤ dim X − 2, we take a smooth surface
where H 
We use the termination of minimal discrepancies, which is stronger than the termination of log flips, in dimension 2: 1, 2 , . . . ) be normal surfaces, B n effective R-divisors, and P n ∈ X n points such the pairs (X n , B n ) are KLT at P n . Let a n be the minimum of the discrepancies of the pair (X n , B n ) for all the valuations of C(X n ) whose centers coincide with P n . Assume that there are numbers
where the B i,n are irreducible components of B n . Moreover assume that P n ∈ B i,n for all i and n, and that a n ≤ a n+1 for all n. Then there exists a number n 0 such that a n = a n+1 for n 0 ≤ n.
Proof of Main Theorem
We shall prove Theorem 2.3 in this section. We assume that there exists an infinite chain of log flips and derive a contradiction.
Since the sequence of numbers e(X n , B n ) is non-increasing by Lemma 2.6, we may assume that it is constant, say e, by truncating the sequence. Let v k (k = 1, . . . , e) be the corresponding disctrete valutions of C(X). We may also assume that if a(X n 0 , B n 0 ; v k 0 ) = 0 for some n 0 and k 0 , then a(X n , B n ; v k 0 ) = 0 for all n.
We proceed by induction on e. If e = 0, then the assertion is proved already in [3] . As a corollary, we obtain the existence of a Q-factorial terminal log crepant blowing-up for any KLT pair (Theorem 3.1).
We shall use this theorem in the case where e > 0. Our proof of Theorem 2.3 in the following also works in the case e = 0, so that our argument is self-contained. Proof. The proof is the same as in [5] Theorem 5. We take a log resolution µ 0 : Y 0 → X as in Definition 2.1 such that the prime divisors F j whose discrepancies a j are non-positive, including the irreducible components of the strict transform of B, are disjoint. The existence of such a resolution is guaranteed because (X, B) is KLT. We set B 0 = a j <0 (−a j )F j and run a log minimal model program starting from the pair (Y 0 , B 0 ) relatively over X. Since we already have the termination of the log flips in the terminal case, we obtain a divisorial contraction after a finite number of steps. We can prove that the resulting pair is again terminal. Therefore we can continue the process and the final output (Y t , B t ) is the desired pair (Y, B Y ).
The chain of log flips for KLT pairs is covered by a finer chain of log flips for terminal pairs: (2) There is a Q-factorial terminal log crepant blowing-up µ m :
We proceed by induction on e. We assume the existence and termination of log flips in the case where the number of log crepant divisors is smaller than e.
Let (2.1) be a log flip of normal projective varieties such that e(X − , B − ) = e, and let µ − : Y − → X − be a Q-factorial terminal log crepant blowingup with the exceptional divisors F Then we obtain a chain of log flips of pairs whose numbers of log crepant divisors are equal to e − 1, which terminates to yield a pair (X + ,B + ) with a divisorial contraction
In this way, a single log flip is decomposed into a chain of log flips with smaller number of log crepant divisors, and we obtain our result by induction.
Let B i (i = 1, . . . , l) be the irreducible components of B, and B i,n their strict transforms on X n . We write B = l i=1 b i B i . We need the following lemma which is concerned with codimension 2 singularities:
Lemma 3.3. There exists an integer n 0 such that, if n ≥ n 0 , then X n is smooth at any 2-dimensional generic point of the exceptional locus E
Proof. Assume that there exists an infinite sequence n 1 < n 2 < . . . such that dim E + nt = 2 and X nt is singular at some 2-dimensional generic point P nt of E + nt . We have a set of indices
for each t. The possibility of this set is finite. Hence we may assume that the set I t is independent of t by selecting a subsequence. In the same way, we may assume that the numbers of analytic branches of B i,nt at P nt does not depend on t. We may also assume that the set
is independent of t, where S nt is the closure of the point P nt . On the other hand, the discrepancies of v k (k ∈ J t ) with respect to (X nt , B nt ) are strictly increasing on t, a contradiction to Theorem 2.8.
By truncation of the chain, we may assume from now on that X n is smooth at any 2-dimensional generic point of the exceptional locus of φ + n for any n. (i = 1, . . . , l) are nonnegative integers. We note that Σ is a finite set.
Let F k,n (k = 1, . . . , e) be the prime divisors on Y n corresponding to the valuations v k . We denote by F e+i,n (i = 1, . . . , l) the strict transforms of the B i,n on Y n . Let b j,n (j = 1, . . . , e + l) be the coefficient of F j,n in B Yn . We have b e+i,n = b i for i = 1, . . . , l.
Let V n be the set of all the discrete valuations v of C(X) such that C(Y n , v) are neither prime divisors nor surfaces whose generic points are contained in the smooth locus of the support of B Yn . Let ν j,n :F j,n → F j,n (j = 1, . . . , e+l) be the normalization, and δ j,n the dimension of the subspace ofĤ alg 2e (F j,n ) generated by the classes of the surfaces onF j,n which are mapped by ν j,n into the singular locus of the support of B Yn .
We define an integer, the generalized difficulty, We construct a birational morphism ν : Z → Y by repeated blowing up as follows. Blow up along C i,j , then along the intersection of the exceptional divisor and the strict transform of B ′ i , and so on so that we repeat [1/(1−b i )]-times along C i,j altogether. We perform this kind of blowing up at each C i,j , where the order is arbitrary. Then any valuation in our set has already appeared as a prime divisor on Z.
The following lemma is crucial:
(2) If there exists a surface in the exceptional locus of ψ + n which is not contained in the union of the
for any v. Let W be the set of all the discrete valuations v of C(X) such that C(Y n−1 , v) is contained in the exceptional locus of ψ − n . Then we have
Let γ − j,n−1 (resp. γ + j,n ) be the number of surfaces in the exceptional locus of ψ − n (resp. ψ + n ) which are contained in F j,n−1 (resp. F j,n ) and whose generic points lie in the smooth locus of the support of B Y n−1 (resp. B Yn ). If we add to the both sides of (3.3) the contributions of the valuations whose centers are not contained in the exceptional locus of φ − n , then we have
On the other hand, denoting byG j,n the normalization of ψ − n (F j,n−1 ), we obtain a diagram of birational morphisms F j,n−1 −−− →G j,n ←−− −F j,n .
If β − j,n−1 (resp. β + j,n ) are the number of surfaces onF j,n−1 (resp.F j,n ) which are mapped into the exceptional locus of ψ − n (resp. ψ Since b j,n−1 ≥ b j,n , we obtain our inequality by combining the above formulas.
(2) Let v be the discrete valuation of C(X) which is obtained by the blowing-up of Y n along this surface. Then we have 1−a(Y n , B Yn ; v) ∈ Σ. Since a(Y n−1 , B Y n−1 ; v) < a(Y n , B Yn ; v), (3.3) becomes a strict inequality, hence the generalized difficulty decreases.
If the exceptional locus of φ + m contains a surface for some m, then there exists a number n such that λ(m − 1) < n ≤ λ(m) and that there exists a surface in the exceptional locus of ψ + n which is not contained in the union of the F k,n for 1 ≤ k ≤ e. Thus Lemma 3.5 shows that there are at most finitely many numbers m such that the exceptional loci of the φ + m contain surfaces. Therefore, we may assume that there are no such m.
Then the exceptional locus of φ − n contains a surface for any n. By Lemma 2.7, it follows that H alg 4 (X n−1 ) > H alg 4 (X n ) for any n, which is impossible. This is the end of the proof of Theorem 2.3.
